Abstract. The mixed verbal wreath product in representations of Lie algebras defined in Reference [4] is a construction parallel to the verbal wreath product of Lie algebras introduced by A. L. Shmelkin [3] . It is shown that the analog of the group theorem on embedding in the verbal wreath product [3], also holds for representations of Lie algebras.
The mixed verbal wreath product was introduced in [4] . This construction is parallel to verbal wreath product of Lie algebras that had been defined by A. L. Shmelkin in [3] . In this paper we prove the embedding theorem for mixed verbal wreath products. Let us give the definition of the mixed verbal wreath product (see Ref. [4] ). Definition 1. Let X be a variety of representations of Lie algebras over a ring K with 1, (V, A) ∈ X , and B be an arbitrary Lie algebra over K. Lie pair (G, Γ) is referred to as a mixed verbal wreath product or mixed wreath X -product of (V, A) ∈ X and B, if the following conditions are satisfied:
1. (V, A) is a subpair of (G, Γ); 2. A and B generate Γ; 3. V generates G as Γ-module; 4. If P is ideal of Γ, generated by A, then pair (G, P ) ∈ X ; 5. If ϕ : (V, A) → (G 1 , Γ 1 ) and ψ : B → Γ 1 are homomorphisms such that (c) (G 1 , Φ) ∈ X , where Φ is ideal of Γ 1 , generated by ϕ(A), then the unique homomorphism χ : (G, Γ) → (G 1 , Γ 1 ) exists, such that the restriction of χ to (V, A) coincides with ϕ, and the restriction of χ to B coincides with ψ.
We shall denote the mixed wreath X -product of (V, A) and B by (V, A) X wr B. Other definitions of mixed verbal product and its the most important properties are considered in [4] . If K is a field and (V, A) is a free pair of a multihomogeneous variety X then the mixed wreath X -product may be constructed as follows. Let Y = {y i , i ∈ I} be a system of free generators of V , U = U (B) be the universal enveloping algebra for B, Z = {z n , n ∈ J} be a basis of U and W = U (P ) be the universal enveloping algebra for P . Let us construct an X -free representation of Lie algebra P in vector space generated by elements x i ⊗ z n , i ∈ I, n ∈ J, freely with respect to P . This representation will have the form:
where
The action of B on generators x i ⊗ z n is determined by the rule: (x i ⊗ z n )b = x i ⊗ z n b, where z n b is a product within U . Thus V * ⊗ K U is free U -module generated freely by y i , i ∈ I.The action of B on V * ⊗ K U may be unuquely extended to the action on (V * ⊗ K U ) ⊗ K W by the formula:
Together with the action of P on (V * ⊗ K U ) ⊗ K W the latter determines the action of Γ = P λB on (
is invariant under derivations that are induced by derivations of P , we may consider the following pair:
This pair is the mixed wreath X -product (V, A) X wr B. A variety X is called a multihomogeneous variety if for any identity yv(x 1 , x 2 , . . . , x n ) = 0 of variety X the identity yv α (x 1 , x 2 , . . . , x n ) = 0 also holds in X .
be a free cyclic representation of a multihomogeneous variety X with the system of free generators X = {x α , α ∈ I}, Y be a subset of L, that is linearly independent modulo L 2 and (W, M ) be the cyclic subrepresentation of representation (V, L), generated by Y and e, where e is the generator of L-module V . Then (W, M ) is a free representation of the variety X .
Proof. Let S be a variety of all trivial representations over field K, that are representations in which L acts as zero algebra. For X = S the assertion of the Proposition is evident. Therefore, let us assume that X = S. By the condition L is free Lie algebra with the system of free generators X = {x α , α ∈ I}, and V = F /U , where F is free associative algebra with unity, that is generated by X, and U is the ideal of identities which respond to X . Here as a free generator of V we take the image of unity e of the algebra F in V . Let Z be a set of the same cardinality as Y , and ϕ is bijective map of Z onto Y . Let (V 1 , L 1 ) denote the free cyclic representation of variety X , generated by Z. The map ϕ can be extended to the homomorphismφ of pair (V 1 , L 1 ) onto (W, M ). Ifφ is not isomorphism, then for some nonzero element v 1 ∈ V 1 we haveφ(v 1 ) = 0. Let v 1 be expressed in terms of the elements z 1 , z 2 , . . . , z m from Z, and let ϕ(z i ) = y i , i = 1, 2, . . . , m. Denote by (A, H) and (B, G) the subpairs in (V 1 , L 1 ) and (W, M ) generated by z 1 , z 2 , . . . , z m and y 1 , y 2 , . . . , y m , respectively. The restrictionφ to (A, H) is homomorphism of the (free in X ) pair (A, H) onto (B, G) and is not injective. Therefore, it is possible to limit ourselves to the case of finite set Y = {y 1 , y 2 , . . . , y m }. Let {x 1 , x 2 , . . . , x n } be the set of elements from X, and let the elements {y 1 , y 2 , . . . , y m } be expressed through the former. Denote by L 1 the subalgebra of L generated by
2 , the elements y 1 , y 2 , . . . , y m are linearly independent modulo L 2 1 . Therefore it is possible to consider X a finite set as well. ¿From the definition of L it then follows that dim L/L 2 = n ≥ m. Since y 1 , y 2 , . . . , y m are linearly independent modulo L 2 , the system y 1 , y 2 , . . . , y m can be completed to the basis modulo L 2 with elements of {x 1 , x 2 , . . . , x n }. Upon renumbering, if necessary, added elements from X we end up with a basis set
. Let us prove that ψ is isomorphism. Suppose the contrary: there is v = 0 that belongs to Kerψ. Since
Here U i is homogeneous component of the degree i of the ideal of identities U and F ′ is ideal of F , generated by X. Since (F /U + F ′ n , L) is finitely stable representation, the set Y ′ is a system of generators. Therefore,ψ is surjective mapping of finitedimensional linear space F /U + F ′ n onto itself. Consequently, ψ is isomorphism. Hence, v ∈ F ′ n , which brings us to a contradiction. Hence, ψ is isomorphism and (W 1 , M 1 ) is X -free representation.
Lemma 1. [3]
Let A be an abelian ideal of a Lie algebra B over ring K, G = B/A and G -free K-modules. Then B is isomorphic to the subalgebra (that we denote also by B) of a semidirect product S = CλG, where C is some abelian Lie algebra and C ∩ B = A.
Proof. As is well known, A can be regarded as G-module if the action of G in A is defined by the formula ag = [a, b], where b is an arbitrary element of the coset g. Proceeding from a decomposition B = A ⊕ H, where H is a compliment of the subspace A with respect to B, we can define a system of representatives by means of a one-to-one linear mapping σ : G → H, such that gσ = g. Here the coset containing h is denoted byh. The bilinear mapping
of B × B into A produces the set of elements f (g i , g j ) in A that is usually called a factor set. H is a subalgebra if and only if f (g i , g j ) is zero mapping. For a given f , the Lie algebra B, which is an extension of A by B/A, is defined as a linear space A × G with a commutator:
The split extension is obtained when f (g 1 , g 2 ) ≡ 0.
Let U be a universal enveloping algebra of G; then A is a U -module. U -module A can be inserted isomorphically into some injective U -module C. Let S be an extension of C by G with the factor set f . Such an extension is possible because A is inserted into C. It is clear that B ⊂ S and B ∩ C = A. Since C is the injective G-module, the extension S is split [1] . Hence, S can be considered as a semidirect product CλG, which makes the proof complete.
Let us also define the isomorphism µ of the extension S and the semidirect product CλG. As is well known (see Ref. [2] ) the extension S is the split extension if and only if there is a linear mapping ρ of G into C, such that
Let us define a mapping µ of S onto CλG by (a, g)µ = (a + g ρ , g) Lemma 2. The mapping µ is an isomorphism.
. By the splitting condition (a 1 g 2 −a 2 g 1 +g
. Hence µ is the homomorphism S into CλG. Furthermore, (a, g)µ = (a + g ρ , g) = 0 implies g = 0. Consequently, g ρ = 0 and a = 0. Thus the mapping µ is the injection. The surjective property of µ is no less obvious: for an arbitrary (a, g) ∈ CλG, (a − g ρ , g)µ = (a, g) is true. Thus µ is an isomorphism.
In view of this, for the injection ν of B into S determined in the Lemma above, we have bν =b+c, where b is any element of B andb is its image under epimorphism B → G, and c ∈ C.
Lemma 3. Let L = L({x i , i ∈ I}) be an absolutely free Lie algebra over ring K and {x i , i ∈ I} be the set of its free generators. Let M be an ideal of L, L 1 = L({y i , i ∈ I}) an absolutely free Lie algebra with a set of free generators {y i , i ∈ I}, L/M be a free K-module, and P be an ideal in L 1 * L/M generated by L 1 . Then there is an injection of M/M 2 into P/P 2 .
Proof. P is absolutely free algebra with a system of free generators {y i e α1 e α2 · · · e αn , i ∈ I, α 1 ≤ α 2 ≤ · · · ≤ α n }, where {e α , α ∈ A} is a basis for L/M over K, and A is well-ordered set [3] . L 1 * L/M is semidirect product P λL/M . The mapping ϕ :
, and ϕ maps M into P . Since P 2 is an ideal of P λL/M , it is possible to consider the algebra (P/P 2 )λL/M and canonical homo-
2 )λL/M . The composition χ of homomorphisms ϕ and κ is the homomorphism of L into (P/P 2 )λL/M . The kernel of χ contains M 2 and, on the other hand, lies in M . The homomorphism χ induces homomorphism χ : L/M 2 → (P/P 2 )λL/M . The algebra L/M 2 , being the extension of M/M 2 by L/M , can be isomorphically embedded, by Lemma 2, into some semidirect product S = CλL/M . Let us denote this injection by ν. Then by lemma 1, we have ν(x i ) = c i +x i . Here again we have denoted by x i the image of x i in L/M 2 and c i is the same element of C. By definition of the free product there is a homomorphism σ : L 1 * L/M → CλL/M extending the mapping γ of L 1 into C (that is defined by the formula y i γ = c i ) and the identity mapping of L/M onto itself. Since C is abelian the ideal P 2 lies in the kernel of this mapping. Thus we have the mapping σ : (P/P 2 )λL/M into CλL/M and, at the same time, the commutative diagram
Since ν is a monomorphism and ν =σχ, the mappingχ is also monomorphism and, consequently, M/M 2 is isomorphically embedded into P/P 2 .
It should be noted that Lemma 3 is essentially a parafrase of the corresponding assertion in Ref. [3] . For the discussion that follows, we need this result in the specific form of Lemma 3.
Theorem 1. Let X be a multihomogeneous variety of representations of Lie algebras over a field K, and L be an absolutely free Lie algebra over K with a system of free generators{x i , i ∈ I}. Suppose that M is an ideal of L, and F is absolutely free associative algebra with unity, generated freely by {x i , i ∈ I}. Furthemore, assume that F 1 is the universal enveloping algebra of M ,
is an absolutely free Lie algebra over K with a system of free generators {y i , i ∈ I}, Φ is an absolutely free associative algebra with unity generated freely by {y i , i ∈ I}.
is assumed to be a free cyclic representation of the variety X generated freely by {y i , i ∈ I}. Finally, let us denote byx the image of x ∈ L in L/M under canonical epimorphism. Then the mapping x i → y i +x i is extended to
Proof. The mapping ϕ :
, L * L/M ) and (U ⊗ K W/X * (W, P ), P λL/M ) are isomorphic. We then label this isomorphism ε 2 .
Consider now the representation (F /F X * (F 1 , M ), L). e 1 , e 2 , . . . , e n , . . . is a well-ordered basis of a complement of M with respect to L. Then F = F 1 + e i1 e i2 · · · e in F 1 , i 1 ≤ i 2 ≤ · · · ≤ i n . This implies F X * (F 1 , M ) = X * (F 1 , M ) + e i1 e i2 · · · e in X * (F 1 , M ) and F 1 ∩ FX * (F 1 , M ) = X * (F 1 , M ), e i1 e i2 · · · e in F 1 ∩ F X * (F 1 , M ) = e i1 e i2 · · · e in X * (F 1 , M ). Then F /F X * (F 1 , M ) = (F 1 +F X * (F 1 , M ))/F X * (F 1 , M )+ (e i1 e i2 · · · e in F 1 + F X * (F 1 , M ))/F X * (F 1 , M ) ≈ F 1 /X * F 1 , M )+ e i1 e i2 · · · e in (F 1 /X * (F 1 , M )). Let us label this isomorphism by ε 1 . The isomorphism ε 1 is also the isomorphism of representations (F /F X * (F 1 , M ), L) and (F 1 /X * (F 1 , M )+ e i1 e i2 · · · e in (F 1 /X * (F 1 , M )), L).
